Physics 512 Winter 2003

Midterm — 11:00-1:00 (2 hours), February 17, 2003 — Solutions

[30 pts] 1. The magnetic moment operator fi is a vector operator (i.e. a spherical tensor operator
of rank 1).

[6]

[18]

a)

b)

Show that the expectation value of /i in an angular momentum state |jm) satisfies
the relation LBY;
(| jm) = B9 it )

where J is the angular momentum operator, and the “g-factor” g; is given by

9i = ———\JJIH=z1]

7 jus :
This is basically a consequence of the projection theorem, which indicates that
the expectation of any vector operator must be proportional to the expectation
of angular momentum (which is a vector operator). Instead of writing out the
complete projection theorem, all we need to note is that

(Gm' | |jm) = o (jm/| T |jm)

where o is a possibly j dependent (but m and m’ independent) constant of pro-
portionality. We may compute o; by looking at the z component of [i and by
taking m = m' = j. This gives

L o (4ilp=lid)  JuBg;  ©BY;
Jilpzlgg) = o (ggld:lig) = oj="F77Tn =07 =
< ’ Z‘ > J< ’ Z’ > J <j]’Jz‘]]> jh h

This proves the relation.

For a state with both orbital angular momentum ¢ and spin 1/2, the magnetic
moment operator may be written as

— B r

ji = £ (geL +28)
where gy is the g-factor of the angular momentum |¢m) state (i.e. the orbital
part). By adding spin 1/2 to angular momentum ¢ (greater than 0), show that
the total angular momentum j = ¢ £+ % states have g-factors

9j=e+1 = L1 9j=e-1 = 111
2 2

lge+1 (l+1)ge—1

It is probably easiest to use the projection theorem, given by

(jml - T |jm)
i(j + )R

(Gm!|i |m) = (Gm’|.T | jm)



Comparing with part a), this indicates that

g — Lmlit- Tljm)
7§+ Dush

We write
. 7B ¢ &
/L-JZ?J (geL+25) = h(gJ +(2—-g0)J-S)
%B(geJ +3@2-g)(J?+S*—L?)
As a result

g = 99U+ D)+ (50000 + D) +s(s+1) — U+ 1))
’ iG+1)

Substituting in s = % and j =0+ % then gives the correct g-factors.

Note that it is also possible to compute <jj\,uz\jj> directly using Clebsch-Gordon
coefficients for adding angular momentum £ ® 5, or by explicit construction of
the coupled representation. In particular, the g factors are given by

1 1 1 1
oy = AT - ey B B e
Since the highest weight combination |( + 1 ¢+ 1) is given simply by
e+ 3¢+ 3) = 1LOIT) (1)
we find
dpmery = g INIEE2 2 ) ) = S5

To obtain Yj=e—1, we first act with the lowering operator J_ on (1) to obtain

1 1\ 1
0+1e— 1y = NoTESi [WM) + \/27!%—1>|T>]

By orthogonality, this indicates that the |£ — % l— %} state must be (up to a phase
which does not matter for this problem)

=4 0= 4) = o |VRLEO|L) — |e6=1)] 7)
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As a result
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6] ¢) Show that the off diagonal matrix element (¢ + 3¢ — 3|p.|¢ — & £ — 3) must van-

ish when g, = 2.

When g, = 2, the magnetic moment operator becomes

Q,UB =
— — —J
H=h
which is simply proportwnal to the total angular momentum opemtor Since total

angular momentum J cannot change 7 = ¢ — % toj =14 —|— , the off diagonal
matriz element must vanish.

[35 pts] 2. Consider two coupled harmonic oscillators, with identical masses but different spring
constants (w; # ws), described by the Hamiltonian

1 1
= (2 pmt) (B + ot 2

The coupling term, Azjxs, should be treated as a perturbation. We focus on the
ground state, |00), and the first two excited states, |[10) and |01) (the states are labeled
by |ning) where ny and ny correspond to the first and second harmonic oscillator,

respectively).
[14] a) Show that the first order in A corrections to the energies of the above three states
vanish. Then find the energies of these states to second order in \.

This problem is best approached using creation/annihilation operators. For i
and x4, we have

R R
i i 5
2wy (a1 + al)a T2 2wy (az + a2) (2)

Ir1 =



In terms of these operators, the perturbation is

A\
V=129 = ———(a1 + ai)(ag + ag)

2my/wiws

This indicates that the perturbation must change the oscillator numbers by £1, ie
we have selection rules An, = +1 and Any = £1. This is of course a consequence
of parity (for the first and the second oscillators, independently).

We start by noting that the zeroth order energies are
EQ). = (n + $Hhwt + (n2 + 3)hws
for the state |ninz). In particular, for the above three states, we have

0 0 0

ES) = 1h(wi +ws), B = 1h(3wi +wa), B = 1h(wy + 3ws)

Since w1 # wa, the energies are non-degenerate (except for possible special cases
when the ratio wy/we is rational; this cannot arise for the states we are interested
Turning now to perturbation theory, it should be obvious that the selection rules
Any; = +1 and Ang = £2 forbid any first order in X corrections to the energy.
As a result, we must go to second order. Before we do so, we compute the matriz
elements of the perturbation using (2)

Ah

<n1 —+ 1”2 + 1]V|n1n2> = W\/(nl + 1)(TL2 + 1)
AR
<’I’Ll + 1 no — 1’V|TL1’I’LQ> = m (n1 + 1)77,2
AR
—1 % = 1
(n1 ng + 1|V |ning) TN ni(ng + 1)
AR

—1 — 1|V =/
<n1 na ’ |n1n2) 2m\/m ninsg

For the ground state |00), we must consider the |11) intermediate state. The
second order enerqy shift is given by

(11|V]00)[* B hA? 1
—h(wi Fws) 4AmPwiws wy + wo

2
E(()o) =

For the state |10), we must instead consider both |01) and |21) as intermediate
states

@  [01V]10)]*  |(21|V|10)]? A2 1 2
E10: =

h(wl — WQ> —h(wl -+ WQ> N 4m2w1w2 W1 — W2 B w1 + wa
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[14]

b)

For the state |01), we do not actually have to compute anything, but we can simply
note from symmetry that its enerqgy is related to that of the |10) state by simply
interchanging wy < wo. As a result, the energies of the first three states are (up
to second order)

hA? 1
Eoo = 18 _
00 = 3h(w1 +w2) Am2wiwe w1 + wo
T’—L)\Q 3&)2 — W1
Eio=1n(3
10 = 3h(3w1 +w2) + dmlwiwe wi — w3
h)\2 3(4)1 — W2

_ 1
Eor = 5h(wr + 3ws) + Iy oF — of

Compute the expectation (Ax1Azy) = (z122) — (x1)(x2) for the ground state of
this system, up to first order in A.

To compute the expectations, we must first work out the first order shift in the
ground state

A 1
2my/wiwg wi + wo

The expectations (x1) and (x2) vanish because |00) has even parity under either
X1 — —x1 or xo — —xo (this is the same result as one gets from the selection
rules). So we have simply

11|V |00)
00) = [00)(©® + _(1LV]00)
00) = 100) —h(wy + wo)

‘11>(0) — ‘00>(0) _ ’11)(0)

h A 1
<A$1A$2> = <$1.’L‘2> = 72771 T1g (<00| - 9m 13 W1 + W <11|)
A 1
T T _
o1+ oo+ o) (100) = e i)

h A 1
=———— | (00| — (11]
2m./wiws 2my/wiws w1 + wo

« (1) = —2 L o0)
2my/wiws w1 + we
hA 1

2m2wiwe w1 + wo

(correct to first order in X). Of course, this expectation must vanish when \ = 0,
since in that case the two oscillators would be completely independent. Note that
we may ignore wavefunction renormalization, as that only shows up at second
order and higher in \.

So far we have assumed that w; # wy. Show that the perturbative energies may
pick up first order in A corrections when w; = wy (you do not have to compute
any actual corrections).



When wi = we, the states |10) and |01) are degenerate in energy. In this case,
we must use degenerate perturbation theory, which for these states involve diago-
nalizing the perturbation matrix

A 0 1
Ve "
2m+/wiwy \1 0

This will give a non-zero contribution linear in A

hA
JoISY 4N
10and 01 — Qm\/m

35 pts] 3. Consider a rotator with orbital angular momentum operator L, spin operator S (taken
to be spin 1/2), and Hamiltonian

(6]

H=Hy+Hyp =AJ?>+BJ-S (A>B>0)

where fzf+§.

a)

Ignoring the “spin-axis” interaction Hg,, write down the eigenenergies of the
zeroth order Hamiltonian, Hy = AT 2. and show that the eigenstates may be
labeled by the coupled representation |[¢1;jm;) (here i indicates the spin).
Show that the ground state is four-fold degenerate (and corresponds to 25 /2 =

{103;55):105;5 —=5)Fand 2Py = {[15;5 5),{115;5 —35)}).

Since we have J = L + S, we may work in either the uncoupled or the coupled
representation. Of course, for Hy = Aj2, it should be obvious that the eigenen-
ergies in the coupled basis are simply F; = Ahgj(j +1). Since the system is spin
1/2, we are adding orbital angular momentum € to spin 1/2, resulting in total
j=L+ % This indicates that 7 must be half-integral, and that any eigenstate of
Hy of a givenj 18 degenerate, with two possible values of £ given by ¢ = j+ % and
l=j—3.

The eigenstates and eigenenergies are thus
(C=j+3)z:0my) and [(0=j = §)5:0m5) B = AR%j(j+1)

The ground state corresponds to j = —, and so may be labeled by 251/2 and ? Pyjo.

Now include Hg,, and find the eigenenergies of H = Hy + Hg,. Show that the
degeneracy between the j = ¢ + % and j = ¢ — % states is lifted, and that the
ground state is the doubly degenerate 2P, /2 state.

Working in the coupled representation, we write

—

Ho=BJ-S=1B(J?+ 58— L[*) =1BR*(G(G+1) +s(s+1) = £(L+1))

ip
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[17]

d)

Substituting in s = % and either j = £+ % orj=~»0— %, we find
R e N
—3BR°({—3) j={—3

As a result, the energies get split

((E=j+3)3:dm;)  E=AR%j(j+1) - §Bh%j

(0=j— 1)L m;) E=ARj(j+ 1)+ 3BR*(j + 1)

For the ground state, this indicates that the ¢ = 1 (the 2P1/2) state is lower in
energy. In fact, for any given j level, the state with higher £ value is the one with
lower energy.

We now turn on an electric field along the z axis, inducing a Stark interaction
HStark = de(c/‘é = deg cos

Explain why the linear Stark effect vanishes (in all eigenstates) for weak electric
fields, d.& < Bh?.

Recall that the linear Stark effect is a first order perturbation theory effect. Since
the operator % is the z-component of a vector operator 7/r, we see that Hsgark 1S
an odd-parity operator, and hence gives rise to a selection rule AL = +1. From
part b), we have seen that states at any given energy level have a definite £ value.
As a result, the parity selection rule forbids a first order correction, and the linear
Stark effect vanishes.

Even though this is a different system, this parity argument is identical to that
used for a hydrogen atom in an electric field.

For strong electric fields, however, we may ignore Hy,, and consider only Hgiark
as a perturbation to Hy. In this case, find the first order energy shifts and

correct zeroth order eigenstates for the initially degenerate ground state (25, /2
and 2P1/2).

Ignoring Hsg,, the result of part a) indicates that the ground state is four-fold
degenerate. However Hgtark, being the O-component of a spherical vector operator,

yields a selection rule Am = 0. This indicates that the m; = L and m; = —1

2 2
subspaces are independent. In the basis given in part a)
033 +3) N33 £3)
the perturbation matriz is
0i:.1 $1liz0l.1 41 0i.1 $liz91. 1 41
voae (NEETa00r Ty 8 T )



However, the diagonal elements vanish because of the A¢ = 41 selection rule.
Thus

Changing to the uncoupled basis, we note that

0L 5D =101, 1555 = /2010 - \/310)7)

and hence

S1elLk 13 = —y/30002010) = — /3 [ Y906, ) cos¥P(6, ) d2 = -

Wl

(03;
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As a result, for m; = % we have

1 0 1
veojae(0 1)

A similar result may be obtained for m; = —%. So the first order eigenenergies
and eigenstates are



